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Basic remarks

 Mathematics in this course is a requirement to understand and conduct
interferometric imaging

» Interferometry is a nice field for the mathematically inclined, but
required maths is manageable

 Mathematics is presented as tool, proofs partly not complete and used
as an exercise to memorize the tool functions

* Principles presented here are fundamental to experimental physics, radio
technology, informatics, image processing, theoretical physics etc.

* Unlike the last session, this one will not contain many pictures



Important functions

 Some functions that will return over and over again are presented



Important functions: Gaussian

_ (m—w)? :
f(x) = ae” 202 Gaussian

I
I
I
a: amplitude |
I
H: Mean :

o: standard deviation

'-l.-.

Carl- Friedrich Gauf3
(1777- 1855)



Important functions: Gaussian

_ (m—w)? :
f(x) = ae” 202 Gaussian

I
I
I
a: amplitude |
I
II: Mmean :

o: standard deviation

FWHM (full width at
half maximum):

x? a

ae 202 = — =
2

r1,2 = + 2]11(2)(7 =

FWHM = 2,/2n(2) o ~ 2.35
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Important functions: Gaussian

_ (m—w)? :
f(x) = ae” 202 Gaussian

I
I
I
a: amplitude |
I
H: Mean :

o: standard deviation

Area below Gaussian:

2
+ 00 S A
[_ _ ae 2:2dx = av/2mo
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Important functions: Normalised Gaussian

1 (x

f(x) = e - = /+OO f(x)dz =1

U mean

o: standard deviation
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0.1 |

Gaussian
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Important functions: Gaussian 2d

[ cosa —sno
-\ siha cosa

COS (¢ Sin o
—sIn COS &

)



Important functions: Gaussian 2d

_ COS&x —SIno B COS (v sin o
S11 v COS ¥ -

—sIn COS &

- VIn 256  V1n 256
h(A")(x)) ~ 1.13309 FW HM, FW H M,

= (A - X)i
= ZAM%' /g(X) d*x = /f(h‘l(A)(x)) d*x
- —1 = 2m0109
g(x) = f(h™"(A)(x)) [
= f(h(AT1)(x)) =27
S



Important functions: Boxcar function

(0 for z<a
Map(x) =49 1 for a<zxz<Db
0 for >0

\

0 for ©* <a
IL izt =< 1 for a<xz<h

0 for = >0

1.0}

&}

(6 [

gL

02}

(0.0

—-1.3

Boxcar function

— i.t:' —tlil.-”r

NASSP 2016

10:56




Important functions: Rectangle function

M(x) = M

Rectangle function
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Important functions: Sinc

, 1 for =0 Sinc
R o R

/ sincy(r)dr = -

— OO

sinc(x) = sinc,(mx)
_{ 1 for z=0 "

w for x#A0 oo

/ sinc(x)dr =1

— OO



Important functions: Dirac's Delta

* Not a function but a distribution

* In many ways a function...

VeeR, x #A#0=d(z) =0
VieC’ ecR, e>0 - f(x)d(x)dx = f(0)

G

It follows:

+e
eceR, e>0 = d(x) dx

=€

:/+€1-5(:1:)dx

=€

1(0)
1

Paul Dirac
(1902- 1984)
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Important functions: Dirac's Delta

* More precisely, the Delta function is defined as the “limit” of a suitable
series

Find set of functions with (Sa with

lim f(x)dq(x)dx =0

a—0 J_
+e
lim [ f(z)da(z)dz = £(0)
+00
lim f(x)oy(x)dx =0
a—0 4e

Then define 6 through the integral

+e +e
f(x)d(x)dzr = lim f(x)dq(x) dx

e a—0 J_

In this sense:
d(x) = lim 04 ()

a—0



Important functions: Dirac's Delta

* More precisely, the Delta function is defined as the “limit” of a suitable

series

Find set of functions with (Sa with

lim f(x)dq(x)dx =0

a—0 J_
+e
lim [ f(z)da(z)dz = £(0)
+00
lim f(x)oy(x)dx =0
a—0 4e

Then define 6 through the integral

+e +e
f(x)d(x)dzr = lim f(x)dq(x) dx

e a—0 J_

In this sense:
d(x) = lim 04 ()

a—0

1
d(x) = lim e
a—0 27TCL
| a
= lim —

. (z—p)?
2a2

a—0 7'('5132 —|—CL2

1

X

= lim —sinc(—)

a—0 q

a



Important functions: Dirac's Delta

* More precisely, the Delta function is defined as the “limit” of a suitable
series

1 _ (z—w)?
e 2a2

d(x) = lim

a—0 277a

1 a
= lim — 5 5
a—0 T x4+ a
.1 .z
= lim —sinc(—)
a—0 a

 Two important relations:

a+e
/ f(2)8(z — a) dz = f(a)

=€



Important functions: Sha (Shah) or comb function

+00
IHI(z) = Y  6&(z—m)

m=—0oo

Relations:

[II(z) = III(az) [I1,(—2) = II1,(z)

— f d(ax —m) I (a:—l—g)

m=—00

m
— E ) (a (x — _)) | | __ Shah
a/ e 4
o &l
= 2 @wilemg)  mass )

m=—0o 0.4 L

I11,(x)




The Fourier transform

 Definition of the Fourier transform:
F:R—C|]— R —C]

+00
V- IR—>C,/ f(2)|dz € R
+00
Fi = [ fa)ed

* Inverse Fourier transform
(via the Fourier inversion theorem):

+o00
VF:R—><C,/ F(s)]ds € R
_:; Jean-Baptiste Joseph Fourier
347_1{}7‘}(3;) — /_ F(S) e¥2T TS g (1768 - 1830)

= T H{FfHz) = f(a) NF{F T F}(s) = F(s)
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The Fourier transform

. Definition of the Fourier transform: mA
Z :[R—=C]—= R —C(C] | e”=cos g +ising
—+ o0
ViR C [ If@)ds e

_m -
S1n
+00 4

F s) = x) e TS dr @
o= @ e

 The Fourier tansform can be seen as
decomposition of a function into a wave
package

Leon Ier
(1707 - 1783)



The Fourier transform

* Notation: functions in the “Fourier space” are named by capital letters
F{fH(s)=F(s) = f=F

* The inverse Fourier transform is the Fourier transform of the reverse
function (an inverse Fourier transform is hence a triple forward Fourier
transform)

@) = (-2
+o00
F) = [ fae s
e L;:O f(—x’)e%"s% d’
_ /_OO f(_x/)ewc’s i
+0o0

=7 H{f-}s)



The Fourier transform of a Gaussian

 The Fourier transform of a Gaussian with dispersion 0_ is ...

Gaussian
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The Fourier transform of a Gaussian

- The Fourier transform of a Gaussian with dispersion ¢ is a Gaussian with
dispersion ¢ =(2no )"

Gaussian Gaussian
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The Fourier transform of a Delta function

* The Fourier transform of a Delta function is ...
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The Fourier transform of a Delta function

* The Fourier transform of a Delta function is a sinusoid in the real and the
imaginary part, a wave

—+ o0

FL5}(s) = / 5(x) e=273

— O

:eo

=1

—+ 00
F{6, }(s) = / 5(x — o) e~ dy

— 6—7,271'33'08

= cos (2mxgs) — vsin (2wxgs)



The Fourier transform of a comb function

* The Fourier transform of a sha function with period T is ...

Shah
|

LiE
08|
0.6 -
04 |

0.2}

bk —-—-—————— e —_ = e
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The Fourier transform of a comb function

 The Fourier transform of a sha function with period T is a sha function
with period T!

Shah Shah
| ' ' ' ' ' ' |

10| : y l y i - 10 L
0a | 1 0.5 |
0.6 | ] 0.6
0.4 | i 4L

0.2 | | 02l

o -+t = (AR B o -t e
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The Fourier transform of a rectangle function

 The Fourier transform of a rectangle function is ...

Rectangle function

I
|
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
i
]




The Fourier transform of a rectangle function

* The Fourier transform of a rectangle function is the sinc function!

F{M}(s) = sinc(s)
7 M} (z) = SmC( )
ﬁ_l{sinc}(x) — ( )

Hecta ngle fu nctmn

| |
| |
| |
I I
| |
| |
| |
| | —_\
| |
| |
| |
| |
| |
| |
| |

S )



The Fourier transform of a real-valued function

* The Fourier transform of a real-valued function is a Hermetian function
and vice versa

Hermetian means: f*(z) = f(—x)

Real-valued means: f"(x) = f(x)

sy = ([ rwea)
+o0
— /_OO f*(x) [cos (—2mxs) + usin (—27wxs)]” dw
— /_;OO f*(x) [cos (2mxs) — vsin (2wws)]” dw

+o0
= /_ f(x) [cos (2mxs) + vsin (2wxs)| dx

+00
— /_ f(x) [cos (2mx(—s)) —1sin (27mz(—s))| dx
= (F{/}H (=9



The n-dimensional Fourier transform

* The n-dimensional Fourier transformation and its inverse is defined as

FAf3(s1,- 00 580) = FLS}(s)

“+00
— / f(xlg .l xn) 6—227r(:c181—|—...—|—xnsn)dnx

+00
= [ werea
FUFY .. a0) = FH{F}()
+00
N / F(817 © ey Sn) 612¢(£181+°"+xn8n)dn8
+00
= / F(s)e?mxs)qng



The Convolution

 The convolution o is the mutual broadening of one function with the
other

* Mathematical equivalent of an instrumental broadening or “filtering”
o:{f|fR>C} x {f|f:R—>C}—>{f|f:R—C}
+o0
(Fog)@) = [ fa-tgar

— O

Triangle wave

-
el s

- =

e M Es Bl Sen
=

-
[—r =%

1.5 1.0 0.5 0.0 0.5 1.0 1.5

Rectangle function

e Gt Lo

=

1.5 1.0 0.5 0.0 0.5 1.0 1.5

4

[ -

B Py = e e e A e A A

0.2 -

.4 -
R .5 i 5 i 5




The Convolution

 The convolution o is the mutual broadening of one function with the
other

* Mathematical equivalent of an instrumental broadening or “filtering”
o:{f|fR—>C} x {f|f:R=>C}—=>{f|f:R—C}

+o00
(f 0 g)(x) = / Flx— ) g(t) dt

o:{f|f:R"=>C} x{f|f:R"=>C}—={f|f:R"=>C} neN
(fog)(z1,....zn) = (fog)(x)
+00 +0o0
:/ / F@1 =ty — 1) gt 1) d7
+00

_ /_ Flx—1t) glt) d"t



The Convolution: rules

+00
(f o g)(@) = / Flx — t) g(t) di

— OO

fog=ygof
(feog)oh = fo(goh)
folg+h) = (fog)+(foh)
(ag)oh = a(goh)

(commutativity
(assiociativity
(distributivity

(assiociativity with scalar multiplication

)
)
)
)



The Convolution: examples

Triangle wave

0.6 . . . ; . .
0.4 |
0.2 |
(.0
02 r
—0.4 :
=1 -1.5 —1.0 —0.5 .0 0.5 1.0 1.5
Rectangle function
"i_ [ ] ] ] ! 1 1 1 1
.] i | | I ]
) N I
'|_ i | | | i
I':I || || || I 1_ I || || ||
—15 —10 _0.% 0.0 0.5 1.0 1.5

. Triangle wave filtered with rectangle function
il. T . : . .

0.2
(.0
—0.2
—.4

—1.5 -1.0 .5 0.0 0.5 1.0 1.5
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The Convolution: examples

Original function (cos)

—0.5 (.0 05 1.0

Moise added

0.5 (.1 0.5 1.0 1.5
Rectangle function
5 E 1 I ] —— ] I ] -
1 . -
: v i
! : . . L | : : :
-1.5 -1.0 —0.5 0.0 0.5 1.0 1.5
P MNoisy function filtered with rectangle function
lj = T | T ] I T I =
W E
“Yar |
—1.2E i i [ i i i i -
-1.5 —-1.0 —0.5 0.0 0.5 1.0 1.3
NASSP 2016 35:56



The Convolution: examples

Original function, impulse

1 ' '
il
)
1l
X

[ : l

—1.5 —-1.0 .5 (.0 0.5 1.0 1.3

17 Instrumental function

1.0
(&
).

0.2 |
I.:II.:I ] ] ] s ] ] ]
-1.5 —1.0 | 0.0 0.5 1.0 1.5

_,_
———
.
daly

T 1T 1T 1T 1

Image: original function filtered with instrumental function

0.5 -
0.6 -
0.4 .
0.2 :
0.0 ] ] ] s i ] I ]

-1.5 -1.0 —0.5 0.0 0.5 1.0 1.5
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Cross-correlation




Cross-correlation

(f*xg)(x) = (g% f)_ (x)



Auto-correlation

t/'=t—=x

R{fHw) = (f* (@)
= (f* o f)(x)

+00
- [ re-asma

+00
- | reswssa

t/'=t—=x



Fourier transform properties: Linearity and separability

+00
F{f}(s) = / f() e~ 273 g
Flaf} = 27

Ff +9t = U+ F )

400
TV (51, 5y) = 34*{f}(s):/_ F(@1, ..., 3y) e~ 2T@ st was) gy

flxy,...,xn) = fi(xr) ..o fulxn)



Fourier transform properties: Shift theorem

filx) = f(z —a)
F{fe}(s) = e F{f}(s)
Proof:
/{ft — / —227r:138 dz

/ x . CL —’1,27'('588 dr

d
= [OO f(x )6—127r(x +a)s d:f/ A’

+00 ,
_ 6—@27ras/ f(.??l) 6—127mc SdZC
= e F{f}(s)



Fourier transform properties: Shift theorem

fi(x) = f(x —a) Fi(s) = F(s—a)
F{fi}(s) = e " F{f}(s) FH{F}(x) = M FH{F}(z)
Proof:

/{ft — / —227r:133 dz

/ l‘ . CL —’1,27T$8 dr

d
= [OO f(x )6—127r(x +a)s d:f/ A’

+00 ,
_ e—zQwas/ f(il?l) 6—127r90 SdZIZ'
= e F{f}(s)



Fourier transform properties: Convolution theorem

+00
F{f)(s) = / f(x) e~ 23 g

+o00
(f o g)(@) = / F(x — 8) g(t) dt

Fifogr = Fif1F 19}

NASSP 2016 43:56



Fourier transform properties: Convolution theorem

+00
F{f)(s) = / f(2) e~ dz  proof:
F{fog}(s)

+o0o
(f o g)(@) = / F(x - t) g(t) dt 9
— 00 / og)( ) —12mxs dr

F{fog}l = F{f1F{q} +°°

/ / (x —t)g(t)dt e VTS g
= /_ ;OO /_ ;OO f(z —t)e ™5 dx g(t) dt
[ e s

+00
= F{f}(s) / g(t) 27 di

f1(s)F191(s)
= (F1f1F19}) (s)



Fourier transform properties: Convolution theorem

+00
F{f)(s) = / F(x) e~ 5dr  proof:
F{fog}(s)

+o0
(Fog)e) = [ f@-vgba [
— 00 Og)( ) —12TT XS dr

—|—oo

Fifog = Ff1F 9]
7 UFoG} = # YF}F G}

A
Ffgr = F{f} o F{y} — /joo /joo Flz — t)e ™2™ dg g(t) dt
/

(x —t)g(t)dt e TS o

S

FUFGQ) = Z{F}o Z{G) o
e~ F{f}(s) g(t) dt

+00
— F{f}(s) / g(t) e di

f1(s)F191(s)
= (F1f1F19}) (s)



Fourier transform properties: Crosscorrelation theorem

(fr9)@) = (f-* og)(@)
+00
- [ re-agma

+o0
/_ P g + ) dt’

t'=t—=x

F{fxgt =(F{fD) - F{g}

Proof:

f-(z) = f(-2)

Ffxgr = F{f-"og}
= FU-"1 T )
= (F{r)"- 7 {4}



Fourier transform properties: Autocorrelation theorem

 Also: Wiener-Khinchin Theorem

FA* [} = |FLP
Proof:
FAfx Y = (FA{) F{f)

= |Z{f}

» Just a special case of the cross-correlation theorem



The discrete Fourier transform: definition

* Discrete Fourier transform
Yy = {yn S C}n:L...,N
Iply} = {Yr € C}k—1

Fpiyte = Y = Z Y e 2N

 Inverse discrete Fourier transform
Y = {yr € C}kzl,...,N

_ 1
thDl{Y} =N {Yn € C}, 2
N-—1
nk
ggl{y}n =y, = Z Yk: ezQwW
k=0

 Numerical methods exist to make the expensive FT faster (“Fast FT")



The discrete Fourier transform: Inverse

1 N—1 /N-—-1 ,
= — 22 kn T kn”
9]:) 1 {t@D {y}}n/ — N ( E Yn € 12 N ) 6Z2 -~

k:O n=20
1 N—1 N— ,
—2rkn opkn
= - Yn€ N e N
N (
k=0n=0
1 N-—1 N—-1 N—-1
_ kn
— N yn’+ E : E :yne zQwNezQﬂ'
k=0 n=0,n#n"k=0
1 N—-1 N—-1 N—-1 ,
. z27_‘_k:(nN—n)
— N yn’+ Yne€
k=0 n=0,n#n’"k=0
N—-1 N—-1
k
= Yn/ + L Y eﬂﬂ(nll\?n)
— Yn n
N
n=0,n#n’ k=0
TL/—TL N
)
— yn’+_ Un 7
N (n"—mn)
n=0,n#n’ 1 — 61271- A
1 N—-1 1 — 67,27r(n'—n)
— yn’ + N ynl_ 227'('(”/_”)
n=0,n#n’ € N
— Yn',

kn'
N




The discrete Fourier transform and the Fourier transform

« Sample a function with the sampling function s in N regularly spaced
steps over the interval

NAx NAx
o — 9 7£UO_|_ 9

1 T — To T — xo + (N_Ql)Ax
zo A = —1II1 - ]
520,008 (@) Az ( Az ) (N —1)Ax

+00 (N-1)Azx
r —x9 +
= — nAx — [ 2
E d(x — nAx — xg) ( (N —1)Az )

n— —00

N-—-1

— Z d(x — nAzx — xq)

n=~0

Js(x) = [ Sz, Az, N(T)
N-1
= Z o(x —nAzx — xg) f(x)
n=20



The discrete Fourier transform and the Fourier transform

N-1

fs(x) = Z d(x —nAzx — xg) f(x)
n=>0
* Fourier-transform the sampled function

N—-1

T {fs} Z f SUQ—I—’I”LAQZ) —2mi(xo+nlAx)s

n=20

e Define the set y := {y, € <C}n:o,...,N_1 = {f(=o +7’LA33)}n:o,...,N—1

N-1
. With the discrete FT:  Zp{y}, = Z Yy, e 2N = Z F(zo + nAz) e —22m
n=20
' i — k T T k
 We see that if we define s = NAz FAfs} (k) = F{[fs} —

— ﬁD{y}k 6—27T’L£U08k

= Fp{yhee s



Nyquist's sampling theorem

* Consider a real-valued wave package with a frequency cutoff at %

As
2

flz) = / A(s) cos2misx — ¢(s) ds

0
— / F(S) 82777,811: s F* (S) 6—27rzs:1: ds

w|0[?

F(S) 627713917 s F(—S) 6—271'23:1: ds

— —

As
2 Harry Nyquist
= F(s)e*™% ds v INVR
As (1889 - 1976)
As As
» The Fourier transform has the support |[— 2 9 | and it follows

S

F1fr(s)- 1)

S0

F{f}(s)



Nyquist's sampling theorem

S

F1fr(s) =F{f}(s)-N(=)

S0

 In an experiment we sample the function with the sampling period Ax
1

fule) = F(@) = TTI()

F{fs}(s) = (F{f} o lnz) (s)
_ /OO 7 {f} (s — t) I1I(Axt) dt

©¢)

1 o n
:/_ {f}(s—t)Ax< y 5(t—?>> di

n—=—-—oo




Nyquist's sampling theorem

 In an experiment we sample the function with the sampling period Ax

F{Y6) = 7 (- 55

(= A%Zg"{f}(s—%)ﬂc;o&))

 The Fourier transform repeats itself, it is aliased.

« If we sample a function with the bandwidth & , the sampling interval
has to fulfil the condition 2

1
— > A
A:U> S



Limited sampling

 The thought experiment is not yet realistic. We can only measure for a
limited number of samples

(N-1)Azx
fo = foon | 2
o = Js ((N—l)Ax)
N-1

= Z 0 (x — nAx) f(x)

n=~0

* It follows:
F{fe}(s) = F{fs}o ((N — DAz sinc((N — 1) Axs) €:F27T_(N_—21)A:n)

 The Fourier transform is hence always filtered with a sinc function, which
gets narrower with increasing number of samples



Literature
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* Briggs, W. L., Henson, V. E. (1995) The DFT: An Owners' Manual for the
Discrete Fourier Transform (Society for Industrial & Applied
Mathematics, U.S.)
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